The Sun's complex dynamics is controlled by buoyancy and rotation in the convection zone and by magnetic forces in the atmosphere and corona. While small-scale solar convection is well understood 1 , the dynamics of large-scale flows in the solar convection zone is not explained by theory or simulations 2, 3 . Waves of vorticity due to the Coriolis force, known as Rossby waves 4, 5 , are expected to remove energy out of convection at the largest scales 6 . Here we unambiguously detect and characterize retrograde-propagating vorticity waves in the shallow subsurface layers of the Sun at angular wavenumbers below fifteen, with the dispersion relation of textbook sectoral Rossby waves. The waves have lifetimes of several months, well-defined mode frequencies below 200 nHz in a co-rotating frame, and eigenfunctions of vorticity that peak at the equator. Rossby waves have nearly as much vorticity as the convection at the same scales, thus they are an essential component of solar dynamics. We find a transition from turbulence-like to wave-like dynamics around the Rhines scale 7 of angular wavenumber of twenty; this might provide an explanation for the puzzling deficit of kinetic energy at the largest spatial scales.
The Sun's complex dynamics is controlled by buoyancy and rotation in the convection zone and by magnetic forces in the atmosphere and corona. While small-scale solar convection is well understood 1 , the dynamics of large-scale flows in the solar convection zone is not explained by theory or simulations 2, 3 . Waves of vorticity due to the Coriolis force, known as Rossby waves 4, 5 , are expected to remove energy out of convection at the largest scales 6 . Here we unambiguously detect and characterize retrograde-propagating vorticity waves in the shallow subsurface layers of the Sun at angular wavenumbers below fifteen, with the dispersion relation of textbook sectoral Rossby waves. The waves have lifetimes of several months, well-defined mode frequencies below 200 nHz in a co-rotating frame, and eigenfunctions of vorticity that peak at the equator. Rossby waves have nearly as much vorticity as the convection at the same scales, thus they are an essential component of solar dynamics. We find a transition from turbulence-like to wave-like dynamics around the Rhines scale 7 of angular wavenumber of twenty; this might provide an explanation for the puzzling deficit of kinetic energy at the largest spatial scales.
Rossby waves, originally observed on Earth as meanders in the polar jet stream 4, 5 and later in ocean currents 8 , are the largest-scale planetary waves. They are retrograde-propagating waves of radial vorticity (curl of horizontal flows) with frequencies below twice the Earths rotation frequency. Stars are also rotating fluid systems: they may support global-scale Rossby waves, known as r modes in the astrophysical literature [9] [10] [11] [12] [13] . The observational search for Rossby waves in stars is motivated by the role that they may play in driving coherent flows such as differential rotation, zonal jets, or long lived vortices [14] [15] [16] and in modulating the magnetic field 17, 18 . The Sun, which rotates with a period of approximately 25 days at the equator, is a prime target for Rossby wave investigations as long time series of spatially resolved observations are available. In particular, Ulrich 19 reported the detection of zonal velocity features on the Sun with azimuthal wavenumbers m ≤ 8 estimated from line-of-sight Doppler observations. These features were measured to persist long enough (seven months) to be solar r-mode candidates. Sturrock et al. 20 reported periodicities in space measurements of the solar radius, which they suggested were due to r modes with m = 1. In both these cases however, the flow vorticity was not available for analysis and no dispersion relation was measured.
Generally, the physical nature of a wave is identified by a well-defined relation between wavenumber and frequency, the dispersion relation. For a uniformly rotating sphere (angular velocity Ω) and under the approximation of divergence-free and horizontal motion, the dispersion relation of Rossby waves in the rotating frame is ω = −2mΩ/[ ( + 1)], where > 0 is the integer spherical harmonic degree and m is the azimuthal order 11 . The radial vorticity of a mode is described using spherical harmonics and is proportional to exp(imφ − iωt) where φ is longitude increasing in the prograde direction. Without loss of generality we may restrict the values of m to non-negative integers up to . Sectoral Rossby waves are obtained by setting = m in this equation; they propagate with a retrograde phase velocity ω/m = −2Ω/[m(m + 1)] < 0 and a prograde group velocity 2Ω/(m + 1) 2 > 0. For the sake of connecting with the geophysics literature, we rephrase these same properties in the beta-plane approximation in the Methods section.
Here we search for global-scale (m < 20) vorticity waves in solar fluid flows in the shallow near-surface layers. For m ∼ 10, solar Rossby waves should have periods longer than four months. Hence, the study of global-scale Rossby waves on the Sun requires observations covering several years.
We use a six-year long time-series of intensity images of the solar photosphere from the HMI instrument aboard the SDO spacecraft 21 . These full-disk images are recorded at a cadence of 45 s and at a spatial resolution that is high enough to resolve the granules, which are prominent convection features of size 1500 km. Granules extend from the solar surface down to a few 100 km below the solar surface and can be used as tracers of the larger-scale horizontal flows in which they are embedded. We derive the two horizontal components of the flow velocity at the solar surface by following the motions of granules between consecutive pairs of HMI intensity images (see Methods). The radial vorticity of the flows is then computed and averaged over each solar rotation period in a frame rotating at Ω ref /2π = 453.1 nHz, which is the mean solar surface equatorial rotation rate for 2010 -2016 inferred from f-mode helioseismology. Figure 1 shows maps of the horizontal vector velocity (arrows) and the radial component of the vorticity (background colors) for three consecutive solar rotation periods, after applying a Gaussian spatial filter with a standard deviation of 7
• . These maps exhibit a complex flow pattern with many examples of vortical flow features. Some vorticity features can be followed from one rotation to the next, although the correlation coefficient between successive maps is only ∼ 0.1. A more narrow low-pass filter with ≤ 12 results in a larger correlation coefficient of ∼ 0.25. When only the latitudes between ±20
• are considered, the correlation coefficient is ∼ 0.3.
In order to study the evolution of vorticity features, we select locations of local maxima of vorticity within 20
• of the equator in a selected reference map (see black squares in Fig. 1 ), and then compute the evolution of the average vorticity feature. This straightforward method has been useful for studying the evolution of intermediate-scale convection 22 . In this process we align the individual vorticity maxima by shifting them in longitude and latitude. Keeping the same locations, we perform the same averaging over the vorticity values in the previous and subsequent ten rotation periods, to obtain the time evolution of the average features identified in the reference map. To enhance the signal-to-noise ratio, the above averaging procedure is repeated for all possible choices of reference maps, to finally obtain the evolution of the averaged vorticity features shown in Fig. 2 . In the figure, we observe a long-lived (up to about seven rotation periods) vorticity pattern consisting of alternating vorticity maxima and minima consistent with a dispersive wave packet. The phase of the pattern propagates in the retrograde direction (up and to the left in the figure), while the envelope of the pattern propagates in the prograde direction (up and to the right). The phase and group velocities are near the expected values of Rossby waves with m 9. At short time lags of a few rotation periods we expect the vorticity signal to include a contribution from convection.
We have also studied the horizontal divergence averaged over the locations of the vorticity features (i.e., locations picked in the same way as the locations shown in Fig. 1 ). We find that there is no noticeable horizontal divergence associated with the Rossby waves, as expected from simple models (see power spectrum of the divergence in Supplementary Fig. S1c and S1d).
To further characterize the wavepacket seen in Fig. 2 , we compute the power spectrum of the radial vorticity from granulation-tracking maps obtained with the full cadence of 30 min. Figure 3a shows the = m power spectrum based on a spherical harmonic decomposition of the vorticity maps. In the region 4 ≤ m ≤ 15, we see a narrow ridge of power of width less than 50 nHz (Fig. 3b) . The ridge of power closely follows the classical dispersion relation (black curve) for sectoral Rossby waves, ω = −2Ω ref /(m + 1). For the sake of intuition, the observed phase velocity of the Rossby waves is approximately −40(m/10) −2 m s −1 and the group velocity has the opposite value. We have not seen evidence for Rossby waves in the power spectra with m (see Supplementary Fig. S1b ). Notice that, by construction, the vorticity maps analyzed here do not have power for |m| ≤ 1 due to field effect corrections; thus we cannot comment on the existence of the m = 1 modes proposed in ref.
20 .
The Rossby wave frequencies and lifetimes can be measured by fitting Lorentzian profiles to the peaks of power (see Fig. 3c for m = 8 and Fig. 4 for the other m values between 4 and 15). To extract the parameters of the Rossby waves in frequency space from the power spectra,we fit the peaks with Lorentzian functions 23, 24 . A maximum likelihood technique is used under the assumption that the power at each frequency is distributed according to an exponential distribution. Error estimates are derived using Monte-Carlo simulations: after fitting the data, we generate one thousand realizations of the power spectrum using the parameters of the fit. Fitting these random realizations allows us to estimate the noise in the fit parameters. The linewidth is a free parameter for each mode. The peak frequencies and linewidths resulting from the fits are listed in Table 1 . Mode frequencies are plotted in Fig. 3d . We find that most of the measured frequencies are within ∼ 10 nHz of the classical Rossby wave frequencies, i.e. within two standard deviations, with the most significant deviations seen for the modes m = 4, m = 8, and m = 13. Part of this difference may be due to the effect of differential rotation 25 . The average e-folding lifetime for the Rossby waves is measured to be about four months (using the linewidths given in Table 1 ).
Wave amplitude is another important quantity. Since the eigenfunctions of the Rossby waves are not pure spherical harmonics, we estimate wave amplitudes by computing the rms vorticity of individual modes in a strip in latitude between ±20
• . We perform a Fourier transform in longitude and time at each latitude. For each m we select a band in frequency (60 nHz width) centered around the mode frequencies listed in Table 1 and perform an inverse Fourier transform to revert to longitude and time. This results in a time-series of Rossby-wave vorticity maps for each azimuthal order. From these filtered maps, we then compute the rms vorticity over latitude and longitude in the latitude range between ±20
• (see Table 1 ). We compute the rms vorticity for each synoptic map and then average the rms vorticity over time. The rms vorticity of the Rossby waves (after summing the filtered maps over m, with m between 4 and 15) is (6.7 ± 0.2) × 10 −8 s −1 . For comparison, the rms vorticity of the convection only is (1.01 ± 0.03) × 10 −7 s −1 . This indicates that Rossby waves are a very significant component of solar dynamics at these large spatial scales.
Next we estimate the latitudinal variations of the mode eigenfunctions at each m by computing the covariance between the radial vorticity at the equator and the radial vorticity at all other latitudes (see Fig. 3e ). We find that the covariance function peaks at the equator and is confined to low latitudes. In addition, the sign of the covariance is negative at higher latitudes. For example for 8 ≤ m ≤ 11, the sign reversal occurs at latitudes of about ±25
• . As m increases, the latitude of the sign reversal decreases. Because the covariance functions are more confined to low latitudes than the = m spherical harmonics, this suggests that the modes are trapped in the equatorial region. We note that latitudinal differential rotation may have a significant effect on the horizontal eigenfunctions 26 .
In order to gain some insight into the depth dependence of the Rossby waves, we have constructed maps of radial vorticity at different depths in the solar interior using a technique of helioseismology known as ring-diagram analysis 27 , see Methods. A comparison between the power spectra at depth 0.7 Mm (helioseismology) and at the surface (granulation tracking) is provided in Fig. 4 . Rossby waves are easily identified in both cases as peaks of excess power at nearly the same frequencies. The scales in wave power are however not directly comparable since helioseismology has lower horizontal resolution than the granulation-tracking method: wave power drops faster in the helioseismic data as m increases. By comparing the vorticity power spectra at three different depths in the solar interior using helioseismology only (Supplementary Figs. S2 and S3), we find that the amplitudes of the Rossby waves do not depend strongly on depth throughout the entire depth range that we have analyzed so far (down to 21 Mm). A further characterization of the radial eigenfunctions will require helioseismic inferences at greater depths. This, in combination with modeling, will help determine the radial order(s) of the eigenfunctions (number of nodes in the radial direction) 10, 11, 28 . It is possible that several closely-spaced radial orders contribute to the peaks of power that we have observed.
One may ask if there is a connection between the internal Rossby waves and the large-scale traveling patterns of magnetic bright points in the Sun's corona reported by McIntosh et al. 29 . These patterns are seen at active latitudes with an apparent phase velocity of about 3 m s −1 (prograde) and an apparent group velocity of about −24 m s −1 (retrograde) measured in the Carrington frame. These observations were interpreted as evidence of "Rossby-like waves" or "magnetic Rossby waves", although the directions of the phase and group speeds are opposite from what is expected for classical Rossby waves. [Note: By language convention, west on the Sun is the prograde direction, while west on the Earth is the retrograde direction.] We do not see any evidence for a connection between these moving coronal features and the internal Rossby waves described in the present paper.
There are interesting questions about mode physics. Why are only the latitudinally-symmetric m = modes clearly visible in our observations (see Supplementary Fig. 1b) ? Linear theory under the assumption of purely horizontal (toroidal) flow would also allow for other modes to exist, including latitudinally antisymmetric modes. Eigenvalue calculations for neutrally-stratified stellar models by Yoshida & Lee 30 found only r modes with m = and no node in the radial direction. To add to this theoretical prediction, we carried out simple simulations in a rotating spherical shell of finite depth that show that toroidal flow patterns with m interact with poloidal (radial) flows. As a result they cascade to increasingly higher values where energy can be dissipated (see Methods and Supplementary Fig. S4 ). Toroidal flow patterns with m = decay only at the viscous time scale. The lifetime of sectoral Rossby waves may thus tell us about the turbulent viscosity in the solar interior 28 , a quantity of interest for convection theory and dynamo models.
Other questions come to mind. What is the role of equatorial Rossby waves in the dynamics of solar large-scale flows? Non-interacting sectoral Rossby waves cannot transport angular momentum across latitudes and thus cannot affect latitudinal differential rotation. Rossby waves presumably interact with convective flows at comparable scales. Rhines 7 suggested that turbulence transitions to larger-scale Rossby waves at the angular wavenumber where the time scales of the turbulence and the waves match, i.e. at R ∼ (ΩR/v turb ) 1/2 = 20 where R is the solar radius and the rms turbulence velocity v turb is chosen to be the observed value of 4 m s −1 from Fig. 1 . The sectoral Rossby waves discovered here are clearly above the convective background in the vorticity power spectrum below m ∼ 15 (Fig. 3) , above which the waves are difficult to distinguish from convection. This is consistent with the suggestion by Vallis and Maltrud 6 , in the context of geostrophic turbulence, that Rossby waves determine the vorticity spectrum at the largest scales. The solar Rossby waves have nearly as much radial vorticity as the convection for m ≤ 15. Accounting for Rossby waves may help resolve the discrepancy between observations and models of the amplitudes of flows in the solar convection zone at large spatial scales 2, 3 .
Solar Rossby waves may have important applications beyond solar physics. They are a particular case of inertial waves that have been proposed as an efficient mechanism to transfer angular momentum to a star from an orbiting close-in planet in tidal interaction 31 . The dissipation of the waves into heat may take energy away from the system and lead to a secular evolution of the orbital parameters. The inefficiency of the tidal dissipation is specified by the ratio, Q tide , of the energy in the tide and the energy dissipated per period. The value of Q tide is smallest when associated with a resonant inertial mode: at resonance, it is inversely proportional to the mode quality factor Q 32 . The Rossby mode quality factors that we measure for the Sun (Table 1) thus provide precious observational information to calibrate theories of the dissipation of tides in Sun-like stars through inertial modes.
Data availability: The data that support the plots within this paper and other findings of this study are available from the corresponding author upon reasonable request. The HMI data can be downloaded from the Joint Science Operations Center at http://jsoc.stanford.edu/. The p-mode ring fits are available in the data series hmi.rdVfitsf and the inversion code is expected to be released as version 0.92 (available on request). Author Contributions B. L., L. G., and A. C. B. designed the research. All authors performed research. B. P. contributed to the computation of the vorticity maps using ring-diagram analysis. B. L., L. G., and A. C. B. drafted the paper and all authors contributed to the final manuscript.
Competing interests
The authors declare no competing financial interests.
Corresponding author
Correspondence to Laurent Gizon (gizon@mps.mpg.de). • and 20
• (horizontal dashed lines). Table 1 are extracted) are plotted in red. Note that we cannot exclude the possibility that several closely-packed radial orders may contribute to the observed peaks of power. The blue thin curves show the power spectra from ring-diagram helioseismology at a depth of 0.7 Mm. The normalization of the ring-diagram data is such that the power in the m = 8 mode at depth 0.7 Mm is the same as for the surface data.
( , m) 1.2 2.42 ± 0.09 Table 1 : Parameters of solar sectoral equatorial Rossby waves in the frame rotating at the surface equatorial angular velocity Ω ref .
The mode parameters are estimated from Lorentzian fits to the vorticity power spectra for the granulation-tracking data (see Fig. 4 ). The second column in the table gives the theoretical mode frequencies of Rossby waves in a uniformly rotating solar model. The observed frequencies and linewidths (full widths at half maxima) are inferred using Lorentzian fits to the peaks in the power spectrum. The wave quality factor Q is defined as the ratio between the observed wave frequencies and the linewidths. The vorticity value in the last column is the root mean square of the radial vorticity near the dispersion relation. Error bounds give the 68% confidence interval.
Methods

Maps of horizontal flows on the solar surface (granulation tracking)
We derive the two horizontal components of the flow velocity at the solar surface by following granules in intensity images; granules are advected by larger-scale flows. We use the local correlation tracking method that consists of measuring the spatial shifts from the cross-correlation function between small patches (∼ 4 Mm diameter) extracted from consecutive intensity images 33, 34 . The 45 s cadence of HMI intensity images is much shorter than the evolution time of granules (10 min 
Maps of horizontal flows below the solar surface (helioseismology)
To probe the subsurface layers, we use flow maps obtained from ring-diagram analysis as provided by the HMI pipeline 27 , with only small modifications to the inversion code. The HMI Doppler velocity observations are remapped onto patches that are tracked at the Carrington rate. The patches are tracked for 28.8 hr, have a size of 15
• , and overlap by 50% in each direction. The frequencies of the modes of oscillations are extracted from the local power spectra for each patch and are inverted using a one-dimensional optimally-localized-averaging technique to estimate the horizontal flows as a function of depth in the solar interior. These maps sample the horizontal flows up to a maximum depth of about 21 Mm. For comparison with the surface flow maps obtained from granulation tracking, we remap the ring-analysis flow maps into the frame that rotates at the equatorial surface rotation rate Ω ref . We compute the radial vorticity at each depth using second-order finite differences.
Rossby waves in the beta-plane approximation
To connect with the geophysics literature, we recall here the basic properties of Rossby waves in a rotating Cartesian coordinate system. In the beta-plane approximation 4 , Rossby waves of the form cos (k x x + k y y − ωt) have the dispersion relation ω = U 0 k x − βk x /k 2 , where k x and k y are the wavenumbers in the prograde and northern directions, k = (k 2 x +k 2 y ) 1/2 is the horizontal wavenumber, and U 0 is a background zonal flow. The parameter β is a measure of the variation of the Coriolis force with latitude λ; it is given by β = 2Ω cos λ/R, where Ω is the angular velocity of the spherical body with radius R. In the frame of the flow U 0 , Rossby waves with k y = 0 are characterized by a retrograde phase speed v p = ω/k x = −β/k 2 x and a prograde group speed v g = ∂ω/∂k x = β/k 2 x . The above dispersion relation is obtained in the shallow-water approximation for an incompressible fluid, which describes a motion that is horizontal and without horizontal divergence 37, 38 .
Incompressible Rossby modes in a spherical shell
To understand the special role of Rossby modes with m = , we consider an incompressible flow in a rotating spherical shell of finite thickness d with impenetrable free-slip boundaries. When neglecting nonlinear momentum advection and viscous forces, the flow is governed by ∂u/∂t = −2Ω×u−∇p/ρ, where u is velocity, Ω is the rotation vector, p is pressure, and ρ is density. The (divergence-free) flow field can be represented in terms of a complex-valued toroidal scalar potential Z and a poloidal potential W that are expanded in series of spherical harmonic functions, e.g. 1, m) do not exist. It can be shown that for the correct radial eigenfunction, Z mm ∝ r m , the coupling to W m+1,m becomes zero. Therefore toroidal modes with = m are eigenmodes of the governing equations and persist indefinitely in the absence of dissipation. In the case of m < , it is not possible to find a radial function Z m (r) for which the coupling to both relevant modes, W +1,m and W −1,m would disappear simultaneously. Therefore, for such modes, a chain of interactions between toroidal and poloidal modes is set up that leads to a cascading of flow energy to increasingly higher degrees , i.e., to smaller scales where eventually in a real system dissipation must take over.
To illustrate this point, we performed numerical simulations with a spectral transform technique for flow in rotating spherical shells 40 . As initial condition we imposed a single toroidal flow mode and monitored its evolution. Momentum advection and viscosity ν are retained in the simulations, but are both weak, with an Ekman number E = ν/(Ωd 2 ) = 10 −4 and a Rossby number Ro = u/(Ωd) of order 10 −6 . We set d to 5% of the radius of the sphere. Picking the mode Z 8,8 we find a drift frequency in agreement with the predicted frequency. After the radial dependence has adjusted to the eigenfunction there is negligible energy in modes other than Z 8, 8 . The energy in Z 8, 8 decreases very slowly due to the residual viscosity. When we start from the mode Z 8,7 the evolution is very different. The drift frequency of the basic mode agrees again with the prediction, but the mode is much more strongly damped. After eight rotations, the energy in Z 8,7 has dropped to 43% of its original value, whereas in the case of the Z 8,8 -mode (when started with the correct radial eigenfunction) 99.7% of the energy is retained at this time (these numbers depend on the assumed viscosity). Supplementary Figure 6 compares the radial vorticity distribution at time zero with that after eight rotations for the ( , m) = (8, 7) case. A range of modes ( , 7) has been excited and the modes with 8 carry collectively 45% of the total energy at that point in time. The stronger dissipation at high drains energy out of the system much more efficiently than it is possible for the basic mode alone.
These results for a simple physical system provide a plausible explanation for why we observe only Rossby modes with m = in the Sun, but it remains to be tested whether the particular stability of such modes also persists under more realistic conditions such as density stratification or a free surface. Power spectra of large-scale radial vorticity and horizontal divergence from granulation tracking. Power spectra are derived from a strip in latitude (between ±20 • latitude). Panel A shows the power of radial vorticity as a function of frequency and local wavenumber in the prograde direction (k x ). Panel B shows the vorticity power averaged over frequencies between −96.7 nHz and −53.7 nHz (between the red lines), as a function of k x and k y , where k y is the local wavenumber pointing north. Since the data cover only 40
• in latitude, the resolution of k y R is only nine. The white curves show the classical Rossby wave dispersion relation. Panels C and D show the same configurations for the horizontal divergence. (Fig. 3a) . Rossby waves are visible throughout the entire depth range (down to 21 Mm). Bottom panels: same as top panels except that the power at each m is divided by the power averaged over the frequency range [−300, 100] nHz. 
